The study of supercritical regimes of thermal convection in a plane horizontal layer between the solid isothermal planes heated to different temperatures and subjected to longitudinal vibration is of considerable interest. It would help to understand the nucleation mechanism in terms of the laws of the bifurcation of complex convective phenomena. It is also of importance in obtaining new materials. In the absence of vibration this problem is the classical problem of Rayleigh convection in a horizontal layer heated from below [1] [2] [3] . This is the most studied problem of thermal convection. Supercritical mode of convection is investigated in numerous works both theoretically and experimentally when the Rayleigh number Ra exceeds the critical value Ra cr = 1708. Supercritical convection under the action of longitudinal vibrations in the case of zero-gravity has been studied in [4] . Nonlinear supercritical vibrational convection was investigated numerically by finite difference method when the Prandtl number is equal to one and the Gershuni number Gs exceeds the critical value Gs cr = 2129 [5] (in papers [6, 7] the Gershuni number was called the vibrational Rayleigh number).
When vibrational and gravitional mechanisms of the convection are present the linear stability of the state of averaged mechanical equilibrium was studied only theoretically. It follows from the linear theory of stability [5] that the set of Rayleigh and Gershuni numbers, for which the state of averaged mechanical equilibrium is neutrally stable, is defined by the following relation Ra/Ra cr + Gs/Gs cr = 1.
(
When the left side of this equation is less (more) than one, the averaged state of mechanical equilibrium is stable (unstable). Linear relationship was predicted in the experimental work of Putin G.F. et al [8] where the relationship between the Nusselt number and Ra, Gs was determined. Similar to (1) relation was obtained by extrapolation of experimental results for the heat flux through the layer for the value N u = 1. It is obviously from (1) that for sufficiently large values of Gershuni number (Gs > Gs cr ) convective instability occurs when heating is from above, i.e. when Ra < 0.
This work presents an attempt to understand the nature of supercritical regimes of thermal vibrational convection in a layer in low-mode approximation that has been never conducted before.
Problem formulation
We consider an infinite horizontal layer of a viscous incompressible fluid of thickness h between solid horizontal planes ( Fig. 1) . The coefficients of kinematic viscosity ν, thermal diffusivity χ, the average density ρ, the volume coefficient of thermal expansion β and the acceleration of gravity g are assumed to be constant. Ideal heat conductivity and constant transverse temperature gradient A are assumed. Walls have different constant temperatures and the temperature difference is Ah. The layer undergoes high frequency harmonic vibration along the unit vector k.
Fig. 1. Geometry of the problem
It is assumed that the vibration frequency is quite high. Therefore, equations of thermal vibrational convection [5] are used to consider the behavior of the fluid. We assume that the liquid moves in the plane. The following characteristic values are introduced: time is h 2 ν −1 , length is h temperature is Ah, velocity is νh −1 , streamfunction is ν and pressure is ρν 2 h −2 . Dimensionless equations of the thermal vibrational convection, describing the flat convection motion in terms of streamfunction of average motion ψ, amplitude of streamfunction of oscillating motion F and average temperature T have the form 1 Pr
∂T ∂t
It is assumed that the boundaries of the layer are solid and isothermal [4] :
The solution is dictated by three dimensionless numbers: the gravitational Rayleigh number Ra, the vibration Rayleigh number Gs (the Gershuni number) and the Prandtl number P r:
Equations (2)- (5) have trivial solution that corresponds to the mechanical quasiequilibrium:
Let us introduce new variables for deviations from this solution. The system of equations (2)- (4) 
Boundary conditions (5) take the form
Low-mode model
Let us apply Galerkin method with a minimal set of basic functions to the analysis of nonlinear modes. The following basic functions are used: sin(kx)p 1 (z) for ξ and cos(kx)p 1 (z), p 2 (z) for θ. Here p 1 (z) and p 2 (z) are mutually orthogonal polynomials of the form
Polynomial p 1 (z) was first proposed to approximate the vertical velocity in the layer with solid boundaries [1] . Let us assume that
Where functions ξ, θ 1 and θ 2 depend only on time.
Substituting (22) into (14), we obtain the equation for f 2 (z):
The following conditions must be satisfied at boundary points:
Substituting (20)- (22) into equations (12)- (14), we obtain equations for ξ, θ 1 and θ 2
Let us introduce new variables:
Then system (25)-(27) can be written as
The following designations are used:
System (29)- (31) with c = 1 и r v = 0 is well-known Lorentz model [9] . Therefore, this system can be regarded as a generalization of the Lorenz model to the case of longitudinal vibration and more realistic conditions on solid walls (sticking in the Lorentz model is absent). There is generalization of the Lorenz model to the case of transverse vibrations [10] .
Stability of trivial solution
Equations (29)-(31) have trivial solution that corresponds to the mechanical quasi-equilibrium state:
In order to investigate the stability of (38) small perturbations are introduced:
Substituting (36) into (29)- (31) and taking into account that we have small-amplitude perturbations, system of homogeneous equations with respect to amplitudes of perturbations is obtained. The homogeneous system of equations has nontrivial solution if its determinant is equal to zero:
This equation has the following roots:
It is clear that root λ 1 is always real and negative. Roots λ 2 and λ 3 can be either complex conjugate with negative real parts or real.
If r g + r v < 1 then real parts of λ 2 and λ 3 are negative and quasi-equilibrium state is stable for such set of parameters (r g , r v ). If r g is negative and sufficiently large in absolute value (it corresponds to strong heating from above) then λ 2 and λ 3 are complex conjugate. This points to the oscillatory nature of perturbations. Dumping of perturbations takes place under the condition:
It is evident that the greater the intensity of the vibration the more intense heating from above is necessary for the occurrence of oscillations.
If r g + r v > 1 then λ 2 is positive and quasi-equilibrium state becomes unstable. In the case {λ 2 = 0} we obtain r
Taking into account (32), one can obtain that quasi-equilibrium state becomes neutral stable for
Thus, the dependence (34) for Gs = 0 (Ra = 0) defines in low-mode approximation the critical value of the Rayleigh number Ra * = Ra l−m − Gs (the Gershuni number Gs * = Ra l−m − Ra ) above which the perturbation wave number k increases. It is clear from (34) that neutral curve Ra l−m (k) has a minimum at k m = 3.214.
This means that the most dangerous perturbation occurs when the cell size is approximately equal to the thickness of the layer. This value corresponds to the wave number of the critical number:
This value is a good approximation to more accurate values of the critical Rayleigh number Ra c r and the critical Gershuni number Gs c r.
Comment. System (29)-(31) with c = 1 и r v = 0 becomes Lorentz model [9] . Therefore, this system can be regarded as a generalization of the Lorenz 
Stationary finite-amplitude solutions
The stationary solution of system of nonlinear ordinary differential equations (29)-(31) can be obtained in analytical form. From (30) and (31) one can express θ and ζ in terms of ψ:
These expressions were obtained in [11] . By substituting (43) into (29), we obtain the equation of the fifth degree with respect to ψ:
This equation, apart from the trivial solution ψ 1 = 0, has four roots:
The Gershuni number can not be negative, and the Rayleigh number can be either positive or negative. To analyse equations (44)-(46) it is sufficient to consider the half-plane of parameters (r g , r v ) with r v 0. Results of the analysis on the basis of (45), (46)) are shown in 
II . Range of values where there are three distinct real solutions -trivial, positive and negative
III . Range of values where there are five different real solutions -trivial ψ 1 = 0 , two positive ψ 2 ,ψ 4 and two negative ψ 3 = −ψ 2 and
. 
On this line ψ 1 = ψ 2 = ψ 3 = 0, it means that the solutions ψ 2 and ψ 3 are branched out from the trivial solution ψ 1 during transition from region I to region II.
Areas I and III are connected by the bifurcation curve defined by relations
On this line the following conditions are satisfied for nontrivial roots:
Areas II and III are connected by the bifurcation curve defined by relations
On this line all five roots are real and the following conditions are satisfied
Thus, when heating is from above (r g < 0) then for each r v > 1 there is a range of Rayleigh numbers r g defined by system of inequalities (47) wherein system (30)-(31) has 5 different stationary solutions. We have ψ 4 = ψ 5 = 0 on the bifurcation curve r g = 1 − r v (solid line in Fig. 2 ), ψ 4,5 are imaginary above this curve and there are 3 real solutions. The system has only the trivial solution ψ 1 = 0 below the bifurcation curve defined by equation (51) (dashed line).
Consider a smooth change of parameters r g and r v . It can be represented as a line in the parameter plane (r g , r v ) . In crossing these bifurcation curves one or two pairs of solutions appear or disappear. It depends on the direction of crossing.
Typical bifurcation diagrams describing a bifurcation that occurs in crossing bifurcation curves shown in Fig. 2 are presented in Fig. 3 and Fig. 4 . Parameters are changed along dotted and dashed-dotted lines. Fig. 3 shows the bifurcation diagram ψ (r g ) for the vibrational Rayleigh number r v = 1 (it corresponds to the dash-dotted line in Fig. 3 ). The occurrence of convection is observed when the Rayleigh number increases. This is the result of the soft fork bifurcation when the Rayleigh number is above zero. To determine the stability of solutions presented in Fig. 3 and Fig. 4 , numerical solution of the original system of equations (29)- (31) Long arrows in Fig. 3 show the drastic transition from quasi-equilibrium state to one of supercritical states ψ 2 or ψ 3 . These transitions occur with a continuous stepwise increase in the normalized Rayleigh number r g along the dotted line in Fig. 2 (from left to right) . The initial value of the amplitude of stream function ψ is set to the value obtained in the previous step. In the reverse step by step change of the Rayleigh number, sharp damping of the supercritical flow is observed at the moment of crossing the dotted line. When the Gershuni number increases the hysteresis depth also increases.
Calculations were also performed for P r = 1. Bifurcation diagrams are similar to that shown in Figs. 3 and 4 .
Stability of stationary finite-amplitude solutions
Numerical integration for various Prandtl numbers 0 < Pr < 10 2 shows that solutions ψ 4 and ψ 5 are always unstable. Solutions ψ 2 and ψ 3 are unstable for sufficiently large values of Prandtl, Rayleigh and Gershuni numbers. Let us consider small perturbations
Since ψ 3 = −ψ 2 it is sufficient to consider only the stability of state ψ 2 . Hereinafter the subscript is omitted.
Substituting (55) into (29)- (31), we obtain the system of linear equations for amplitudes of perturbations. Setting the determinant of the system matrix equal to zero, we obtain a cubic equation for λ:
The lack of vibrations (r v = 0). In this case, the stationary solutions (45) take the form:
Substitution of this solution into (56) gives
This equation has one negative and two complex conjugate roots when r g > 1. Real parts of complex conjugate roots for r g > 1 and small or moderate super-criticalities are also negative. Equation (58) is similar to that obtained and analyzed by E. Lorenz [9] . It was shown that by equating the product of coefficients at λ 2 and λ to the constant term, one can get the criteria of neutral stability of oscillating disturbances [9] . In our case such equation has the form
The solution of equation (59) with respect to r g gives a simple expression for the critical value of r g above which the instability of steady convection occurs:
Thus if Pr < c (b + 1) ≈ 0.8 then not positive value of r g satisfies (60) and steady convection regime (57) is always stable. If Pr > c (b + 1) then steady convection is unstable with respect to oscillating disturbances for sufficiently large Rayleigh numbers.
Numerical study of stability in the general case r g ̸ = 0, r v 0 . Now we consider the stability of periodic steady solutions with wave number k m . We perform the numerical analysis of equations (56) with fixed values of the Prandtl number P r = 1, 3, 5 and 10, incrementing small perturbations λ. Analysis of coefficients at λ, λ 2 and constant term in equation (56) shows that they all are non-negative for solutions ψ 2,3 . The oscillatory instability appears in crossing these curves. The solid line and the dashed line correspond to the bifurcation curves shown in Fig. 2 This means that, as in the case above r v = 0, the equating of the product of coefficients at λ and λ 2 to constant term leads to the equation that is similar to (59). This gives the stability criteria of solutions ψ 1,2 with respect to oscillatory disturbances. The equation is rather cumbersome, and it is not presented here. The results of the numerical analysis of the equation The figure shows that in the case of heating from above, i.e., when r g < 0 , the stability region of supercritical steady solutions ψ 2,3 is defined by the Gershuni number and the Rayleigh number. When 1 < r v < 5 the smooth cyclic variation of the Rayleigh number leads to drastic hysteretic transitions similar to that shown in Fig. 4 .
As the normalized Rayleigh number r g undergoes smooth cyclical changes, the corresponding path is a horizontal line on the parameter plane. The normalized Rayleigh number should consistently cross solid and dashed lines but should not cross a thin line. Fig. 5 shows that for all considered values of the Prandtl number such situations are observed for 1 < r v < 4.5 when the heating is at the top (r g < 0). This is supported by the direct numerical integration of the original system of equations (29)-(31). The obtained bifurcation diagrams are similar to that shown in Fig. 4 .
Conclusion
The low-mode model of the thermovibrational convection in an infinite plane layer of incompressible viscous fluid confined between horizontal solid isothermal planes has been considered. The layer undergoes longitudinal vibrations. In the limiting case of the lack of vibrations the model is similar to the well-known Lorenz model. The results of linear stability analysis of the model are in good agreement with the results of the linear stability analysis of complete equations of thermal vibrational convection.
It is shown that the model predicts the drastic excitation of stationary supercritical vibrational convection in the case of heating from the top. Cyclic variation of the gravitational Rayleigh number leads to hysteretic transitions between stationary solutions.
The study of linear stability of the supercritical flows shows that for all considered Prandtl numbers the region of stability decreases with increasing the Prandtl number. However, there are regions where drastic hysteretic excitation of supercritical convection is possible.
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